World utilization of deuterium is anticipated to increase with the rise of fusion-energy machines such as ITER and NIF. We present a new fundamental equation of state for the thermodynamic properties of fluid deuterium. Differences between thermodynamic properties of orthodeuterium, normal deuterium, and paradeuterium are described. Separate ideal-gas functions were fitted for these separable forms together with a single real-fluid residual function. The equation of state is valid from the melting line to a maximum pressure of 2000 MPa and an upper temperature limit of 600 K, corresponding to available experimental measurements. The uncertainty in predicted density is 0.5% over the valid temperature range and pressures up to 300 MPa. The uncertainties of vapor pressures and saturated liquid densities are 2% and 3%, respectively, while speed-of-sound values are accurate to within 1% in the liquid phase. Ó 2014 by the U.S. Secretary of Commerce on behalf of the United States. All rights reserved. [http://dx
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Introduction
The rising costs and environmental impact of using fossil fuels for power production are increasing the desirability of nuclear energy. Nuclear fusion reactors such as ITER and the National Ignition Facility (NIF) are under development to use large amounts of the hydrogen isotope deuterium (D 2 ) as fuel. The increasing demand for deuterium as a nuclear fuel and as a stable isotopic tracer ensures the continued demand of deuterium for decades to come.
A recent examination of the thermophysical properties of deuterium conducted by Richardson and Leachman 1 
established the need for a new Equation of State (EOS)
. This paper describes new equations for normal deuterium (nD 2 ), orthodeuterium (oD 2 ), and paradeuterium (pD 2 McCarty EOS also did not consider the effects of the spin isomers that exist for deuterium that influence properties such as ideal-gas heat capacities by as much as 30%. 4 The deuterium model developed by McCarty is based on the International Practical Temperature Scale of 1968 and has upper pressure and temperature limits of 320 MPa and 423 K.
The new nD 2 , oD 2 , and pD 2 equations of state are explicit in reduced Helmholtz free energy and are similar to the equations for light hydrogen described by Leachman et al. 5 The equations of state for the various spin isomers of deuterium share the same 21-term real-fluid residual equation. To account for significant differences in ideal-gas behavior, each of the three equations of state for deuterium has a unique ideal-gas equation. The differences among nD 2 , oD 2 , and pD 2 will be discussed in greater detail below. The EOS developed in this work extends the range of reliable property predictions to 2000 MPa and 600 K, and extrapolates to 2000 K without obvious deviations from accepted theories on thermophysical property behavior.
Nuclear Spin Isomers of Deuterium
Similar to the hydrogen molecule, deuterium molecules have separable nuclear spin isomers denoted as "ortho" and "para." A detailed discussion of the historical significance of these forms can be found in Leachman et al. 5 In short, spin isomers exist in the deuterium molecule due to the parity between the nuclear spin function and rotational spin function. For simple, isotopic diatomic molecules, the rotational spin, J, of the two nuclei can either be symmetric (J ¼ 0, 2, 4, …) or antisymmetric (J ¼ 1, 3, 5, …). As deuterium cools to cryogenic temperatures, insufficient energy is available to populate higher-energy modes. Approaching absolute zero, molecules in the even J states de-excite to J ¼ 0, while molecules in the odd J states de-excite to J ¼ 1. Deuterium molecules below 50 K in the J ¼ 1 rotational state are metastable and may take days or weeks to de-excite to the J ¼ 0 rotational state in the absence of a suitable catalyst. This parity allows for two separable and interconvertible deuterium forms.
Contrary to hydrogen and tritium, the lower-energy, even-J states are denoted "ortho" for deuterium, while the higherenergy, odd-J states are denoted "para." The difference in terminology stems from how the prefixes were determined for each of the spin isomers. The dominant spin isomer at room temperature was denoted "ortho," while the less prevalent form was denoted "para." For hydrogen and tritium, the odd-J states are dominant at room temperature while the even-J states are dominant for deuterium. This leads to orthohydrogen, paradeuterium, and orthotritium corresponding to odd-J states, and parahydrogen, orthodeuterium, and paratritium corresponding to even-J states. The reason for these differences can be explained by quantum mechanics and the degeneracy of the molecules. A detailed discussion of these differences is available in Silvera 6 and Souers. The ratio of the ortho-para composition of a sample is dependent on temperature, and a singular equilibrium composition will be obtained when a sample is left at a constant temperature for a sufficient length of time. This equilibrated composition is known as "equilibrium deuterium," abbreviated eD 2 . When temperatures are sufficiently high (i.e., room temperature), all degenerate molecular configurations are populated. The equilibrated composition at high temperatures is known as "normal deuterium" and is a ratio of the degeneracies of orthodeuterium and paradeuterium. The ratio of molecules in the even-J states, oD 2 , to odd-J states, pD 2 , is 2:1 for normal deuterium. Normal deuterium has been treated as a pure fluid in this work due to the common need for fluid properties at this ortho-para composition. Unless the spin isomer is specified, the authors are referring to normal deuterium in this work.
Differences between orthodeuterium
and paradeuterium forms
The differences between orthodeuterium and paradeuterium are primarily due to a difference in rotational energy that becomes substantial at low temperatures, where the number of accessible energy levels is limited. Significant deviations in ideal-gas heat capacities exist below 250 K. The maximum difference between oD 2 and pD 2 occurs near 80 K and creates a difference in ideal-gas heat capacities approaching 30%. Figure 1 shows the differences in ideal-gas heat capacities for normal deuterium, orthodeuterium, and paradeuterium. The ideal-gas heat capacities shown in Fig. 1 were calculated using the model described by Le Roy et al. 8 Ideal-gas properties derived from heat capacities such as enthalpy and entropy also show significant differences between the ortho and para forms. Therefore, separate ideal-gas equations for nD 2 , oD 2 , and pD 2 were created to account for differences in ideal-gas properties.
Small variations also exist in fluid properties beyond the ideal-gas level. In Knaap and Beenakker's 9 work from 1961, they predicted differences in molar volumes, second virial coefficients, and vapor pressures between orthodeuterium and paradeuterium, based on discrepancies in the dispersion energy that exist due to differences in the polarizability of the nuclear spin isomers. They predicted differences between oD 2 and pD 2 to be less than 0.2% for molar volumes and less than 1% for second virial coefficients at 20 K. These differences will be largest at the triple-point temperature. These deviations are smaller than the uncertainty of the new equation of state. However, Knaap and Beenakker predict deviations of 2.5% between vapor pressures of oD 2 and pD 2 at 20 K. This deviation can be seen in the experimental vapor pressure measurements and is discussed in Sec. 5.2. Although differences in thermophysical properties exist between oD 2 and pD 2 , these differences were insufficient to warrant entirely separate real-fluid equations for the different isomers, due to the limited amount of experimental measurements available. The real-fluid equation was developed with normal deuterium measurements. Experimentalists using this equation of state to calculate vapor pressures on any ortho-para composition other than normal deuterium should be aware of these differences, especially near the triple point, since these uncertainties may be larger than the uncertainties reported in this work. There also exist minor differences in critical-point and triple-point properties between nD 2 , oD 2 , and pD 2 
Equation of State and Ancillary Functions
The new functional form for the oD 2 , nD 2 , and pD 2 EOS was determined through nonlinear regression of experimental data and fitted constraints. This work presents only information pertaining to the new deuterium formulations. A detailed discussion of modern thermodynamic property formulations has been done by Span. 12 Modern equations of state are explicit in the molar Helmholtz free energy, a. The Helmholtz free energy is expressed in terms of density and temperature as
where a is the reduced Helmholtz free energy and τ and δ are the reciprocal reduced temperature and reduced density, respectively,
The subscript c denotes the critical-point property. The reduced Helmholtz free energy contains an ideal-gas contribution, a 0 , and a residual real-fluid contribution, a r . The reduced Helmholtz free energy is expressed as
The ideal-gas contribution was fitted based on nonlinear regression of ideal-gas heat capacity data from the literature and will be discussed below. The residual contribution is determined by nonlinear regression of experimental measurements of thermodynamic properties as well as constraints forcing correct fluid behavior in regions with limited or no data. A discussion of the constraints used in the development of the new EOS can be found in Sec. 4.3. The reduced Helmholtz free energy can be used to determine other thermodynamic properties at any state within the designated temperature and pressure limits. The equations used to convert from Helmholtz free energy to other energies, enthalpies, entropies, heat capacities, speed of sound, etc., are given by Span. 12 The regression process used to determine the deuterium EOS was the same as in the hydrogen correlation. 5 In short, weights are given to specified data points and constraints according to their significance and accuracy. Differences between experimentally measured data points and predicted values from the equation of state are minimized according to the weight associated with each data point or constraint. The resulting coefficients and exponents are reported in Secs. 4.1 and 4.2.
Ideal-gas contributions to the equation of state
The ideal-gas contributions to the EOS that predict caloric properties show significant differences between the ortho and para forms of deuterium. As a result, separate ideal-gas equations were developed for normal deuterium, orthodeuterium, and paradeuterium. The ideal-gas isobaric heat capacity equation is expressed as
The parameters and coefficients of Eq. (5) are reported in Table 1 with N ¼ 12 for the nD 2 and oD 2 equations and N ¼ 11 for the pD 2 equation. The primary ideal-gas isobaric heat capacity data used to determine these parameters and coefficients were reproduced from Le Roy et al. 8 Le Roy et al. do not specifically state an uncertainty but report that the data are accurate to 0.1 mJ/(K mol), which gives an uncertainty of less than 0.001%. The uncertainty of Eq. (5) is 0.04% with a coverage factor of 2 for all isomers of deuterium presented in this work. It is important to note that Le Roy et al. did not account for the differing ortho-para terminology that exists between hydrogen and deuterium. The ideal-gas Helmholtz free energy portion of the equation of state can be reduced to a dimensionless form given by
where the subscript k is the index of terms. The parameters a 1 and a 2 for the new nD 2 , oD 2 , and pD 2 formulations are reported in Table 2 .
Real-fluid contributions to the equation of state
As discussed in Sec. 3.1, the differences in real-fluid thermodynamic properties that exist between orthodeuterium and paradeuterium are significant in the vapor-pressure measurements. Due to a lack of experimental data for pure oD 2 and pD 2 , these differences have not been accounted for in this work. As a result, the real-fluid equations for nD 2 , oD 2 , and pD 2 are identical for all of the deuterium formulations.
The functional form of the real-fluid contribution to the reduced Helmholtz free energy is
The first summation is a simple polynomial with exponents on the reduced density and temperature. The second summation contains exponential reduced-density terms that help calculate properties in the liquid and critical regions. The third summation consists of modified Gaussian bell-shaped terms to aid in modeling the critical region where it is very difficult to obtain accurate experimental measurements.
The coefficients and exponents of the equations depend on the constraints and experimental data included in the fitting process. Table 3 lists the experimental data sets 13-48 available for deuterium and distinguishes which data sets were used in the fitting process. Though the second virial coefficients reported by Garberoglio et al. 48 were treated as experimental measurements for the purpose of fitting, these values were actually calculated from theory. The first column of Table 3 gives the data referenced, the second column contains the year the data was published; columns 3-6 contain the number of 
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013103-5 data points used in the fitting process, the total number of data points, and the temperature and pressure ranges; and the last two columns give the Absolute Average Deviation (AAD) that will be discussed in Sec. 5. The constraints applied in the fitting process will be discussed in Sec. 4. Table 4 .
Applied fitting constraints
Due to the limited amount of experimental data available for deuterium, a number of constraints were used to regress the EOS. Constraints are used to force the EOS to demonstrate proper fluid behavior and thermodynamic consistency. Constraints were also used to ensure that the equation demonstrates proper extrapolation behavior at extreme pressures and densities as well as at temperatures approaching absolute zero. A list of the constraints used in the development of the new deuterium EOS is given in Table 5 . The first column gives the property or locus to which the constraint is applied. The second column gives the constraint that was used. The "slope" constraint refers to the slope of the constant-property line (isotherm, isobar, etc.) plotted against the respective property over the specified range. The third column gives the range over which the constraint was applied. For example, the first constraint in Table 5 states that the values of the third virial coefficients are positive between 30 and 60 K. The term "all derivatives" refers to the first, second, third, and fourth derivatives. When the constraint is a derivative, the first column represents the property that is being differentiated and the third column gives the property which the derivative is taken with respect to and what is being held constant. As an example, the first constraint involving the isochoric heat capacity c v states that all derivatives (i.e., first through fourth) of c v with respect to temperature are positive for a pressure of 4 MPa from 9 to 37 K. The constraints used in this work are "soft" constraints, meaning that the EOS is not required to fully obey the constraint. If a constraint is not obeyed it will add to the overall disagreement between the EOS and the applied constraints and experimental data being fit.
Fixed state points and ancillary equations
The critical-point and triple-point properties have been treated as fixed state points in this work. These properties are dependent on the ortho-para composition of the fluid. Since the critical-point and triple-point properties are used in the development of the real-fluid component of the EOS and the realfluid component is identical for the oD 2 , nD 2 , and pD 2 equations, the critical-point and triple-point properties are the same for all the deuterium formulations. The fixed state points of the new deuterium EOS differ slightly from those used in the McCarty model. 3 This work used the critical temperature measured by Friedman et al. 13 The critical pressure and density were then calculated from the EOS. The most recent triple-point temperature measurement of normal deuterium by Pavese and McConville 10 was selected as the lower-temperature limit for all of the deuterium formulations. The critical-point and triplepoint properties for the new deuterium formulations, denoted by this work, and the McCarty EOS are given in Table 6 . Note that small differences in critical-point and triple-point properties exist between nD 2 , oD 2 , and pD 2 that have not been accounted for in this work.
Values along the saturation lines were calculated from the equation of state with the Maxwell criteria (equal Gibbs energies for the liquid and vapor saturation states), and then used to develop ancillary equations. These ancillaries can be useful as initial guesses in the determination of the saturation states from the equation of state, but the calculated values should not be reported as the true saturation state. Publications such as those by Span 12 should be reviewed to determine the best procedure for calculating saturation properties. Vapor pressures are represented with the equation
where
, and p σ is the vapor pressure. The saturated liquid density can be represented by the ancillary equation 
, and r″ is the saturated vapor density. The phrase "all derivatives" refers to the first, second, third, and fourth derivative. figure. The experimental data presented in this section contain all experimental data available for deuterium with no distinction between ortho and para compositions.
A primary metric in determining the accuracy of the EOS is given by the AAD for each data set, which is calculated by
The density, saturated heat capacity, vapor pressure, speed of sound, and second virial coefficients have been included in the AAD comparisons. The AAD for the McCarty and new EOS have been included in Subsections 5.1 and 5.2. Experimental data shown in tables and figures in this work are referenced by the author(s) and year of publication. As discussed in Sec. 4.2, Table 3 lists the experimental data sets available for deuterium. The AAD from the new EOS and McCarty EOS are provided in the last two columns of Table 3 .
Ideal-gas property comparisons
The ideal-gas properties for normal deuterium, orthodeuterium, and paradeuterium are compared in this section. The McCarty EOS considered ideal-gas properties for normal deuterium only when it was developed and thus will have a deviation as large as 10% for orthodeuterium and 30% for paradeuterium. The differences between ideal-gas heat capacities for nD 2 , oD 2 , and pD 2 can be seen in Fig. 1 . The ideal-gas parameters and coefficients for normal deuterium, orthodeuterium, and paradeuterium were regressed to the most accurate prediction of the ideal-gas isobaric heat capacities (Refs. 8 and 49-52). Above 250 K, the ideal-gas heat capacities of oD 2 , nD 2 , and pD 2 converge as the differences in rotational energies become less significant. Thus, for temperatures above 300 K, deviations have been plotted only for normal deuterium.
In all of the deuterium formulations, the ideal-gas heat capacity data from Le Roy et al. 8 have been given priority up to 300 K. The ideal-gas heat capacity data for normal deuterium were not directly calculated by Le Roy et al., but the values of normal deuterium were calculated from the ideal-gas heat capacities of orthodeuterium and paradeuterium as described in Leachman and Richardson. 4 Above 300 K, the data set of Haar et al. 50 was given priority. Comparisons of calculated values from the normal deuterium, orthodeuterium, and paradeuterium ideal-gas equations to tabulated data from the literature are shown in Figs. 2-4 , respectively. For oD 2 and pD 2 the estimated uncertainty is 0.04% from 10 to 300 K. The estimated uncertainty in idealgas heat capacities for nD 2 is 0.04% from 10 to 600 K.
Thermophysical property comparisons
The residual contribution to the EOS accounts for real-fluid behavior. Because the real-fluid equations in this work are the same for nD 2 , oD 2 , and pD 2 , the thermophysical properties that depend only on residual contributions (p-r-T, virial coefficients, etc.) will be identical. Calculated comparisons have been made for density, vapor pressure, speed of sound, saturated heat capacity, and second virial coefficients and are valid for all of the deuterium formulations within the specified uncertainty, with the exception of vapor pressure, which is discussed below. If the ortho-para composition was not specified by the experimentalist, it was assumed to be normal deuterium.
Figures 5 and 6 display pressure versus density deviations. They are separated into temperature increments indicated in the top right corner of each plot. The deviations for the new EOS are displayed on the left side and the deviations for the McCarty EOS on the right side. At temperatures above 90 K, the data of Michels et al. 19 were used as the primary data set. The data of Liebenberg et al. 17 were measured at pressures up to 2000 MPa and were used as a secondary data set to ensure accurate high-pressure behavior. Figure 7 shows the difference in second virial coefficients plotted against temperature. The only second virial coefficient data used in the regression process were those of Garberoglio et al. 48 The data of Garberoglio et al. have a maximum expanded uncertainty of 3.76 cm 3 /mol at 15 K. These data agree with the new deuterium equation of state within its own uncertainty over the full range of data from 15 to 2000 K. Figure 8 shows an enlarged plot of the difference in second virial coefficients from the new EOS up to 1000 K. Figure 9 compares the calculated vapor pressures of the new EOS (top) and the McCarty EOS (bottom) to experimental data. In the range from 20 to 34 K, the data by Hiza 36 were chosen as primary. Between the triple point and 20 K, the measurements by Scott et al. 34 were chosen as primary. From 34 K to the critical point, the data of Friedman et al. 13 were chosen as primary. The EOS for deuterium was developed with vapor pressures for normal deuterium. As discussed previously, there are deviations between orthodeuterium and paradeuterium vapor pressures that have not been accounted for in this work. This deviation can be seen in Fig. 9 by examination of the data of Kerr et al. 27 at temperatures below 24 K. The vapor pressure measurements of Kerr et al. 27 were conducted using 97.8% pure orthodeuterium. At 20 K, their data show a deviation of approximately 3%. Thus, the experimental data are in agreement with the predicted deviations of Knapp and Beenakker 9 discussed in Sec. 3.1. conducted at high pressures (up to 2 GPa), due to discrepancies in the data and the extreme pressure range of the data.
Deviations in saturation heat capacity are shown in Fig. 11 . The most recent data sets of Brouwer et al. 28 and Grenier and White 29 were given priority. The data set of Clusius and Bartholome 14 shows significant deviation from the new EOS and the other available data in that temperature range. Considering the year the experiment was conducted and the large deviation from more recent data sets, the Clusius and Bartholome data were neglected in the formulation of the new EOS.
Function limits and extrapolation behavior
To evaluate the behavior of the equation of state at extreme conditions, it is useful to plot constant-property lines for various thermodynamic relations. It is important to have proper extrapolation behavior well below the triple-point temperature and well above the upper pressure and density limits. If the equation shows proper extrapolation behavior outside the valid range, it is likely that the equation will also behave properly within the valid range. Figure 12 shows the isothermal behavior of the new normal deuterium EOS at extreme pressures and densities. Figure 13 shows a pressuredensity diagram with isotherms (from 6 to 54 K) in the twophase region for the new deuterium equation of state. The isotherms in the pressure-density diagram do not cross the saturation boundary line (shown in bold) within the two-phase region, which would be unphysical, down to 6 K. Though there is no vapor-liquid two-phase region above the critical temperature of 38.34 K or below the triple-point temperature of 18.724 K, Fig. 13 shows that the EOS behaves in a theoretically correct manner well above the critical temperature and well below the triple-point temperature. Thus, the physical two-phase region between the triple point and critical point must also behave correctly. 
Results and Recommendations for Future Research
A new equation of state has been developed for deuterium containing separate ideal-gas equations for normal deuterium, orthodeuterium, and paradeuterium. The nD 2 , oD 2 , and pD 2 formulations predict different ideal-gas properties but have identical real-fluid equations due to the lack of experimental data for orthodeuterium and paradeuterium. The EOS represents the experimental data used in its development to within the estimated uncertainty of the data and generally represents all experimental data to within their estimated uncertainties. The formulations extend the range of reliable property predictions to 2000 MPa and 600 K. The upper pressure limit corresponds to the maximum pressure limits of the data of Liebenberg et al. 17 The upper temperature limit of 600 K was determined by examining the uncertainty of the experimental data and the extrapolation behavior of the EOS. Though experimental data only exist up to 423 K, the formulations agree with second virial coefficients from theory up to 2000 K and extrapolate to extreme temperatures without obvious deviations.
Independent ideal-gas equations have been developed for nD 2 , oD 2 , and pD 2 to obtain correct ideal-gas behavior for the various forms of deuterium. Ideal-gas heat capacity predictions for nD 2 , oD 2 , and pD 2 have an estimated uncertainty of 0.04%. The estimated combined uncertainty with a coverage factor of 2 for primary data sets in the new deuterium EOS for densities (shown in Figs. 5 and 6) are 1% for temperatures from the triple-point temperature to 90 K, 0.1% from 90 to 425 K, and 1% from 425 to 600 K for pressures below 300 MPa. For pressures ranging from 300 to 1000 MPa the estimated uncertainty is 2.5%, and for pressures approaching 2000 MPa the uncertainty rises to 4%. Uncertainties in saturated liquid densities are 3%. Second virial coefficients have a difference of less than 0.5 cm 3 /mol over the entire temperature range of the EOS, as shown in Fig. 8 . Uncertainties in vapor pressures are shown in Fig. 9 and are 2% for normal deuterium but deviations of up to 5% may exist for pure orthodeuterium and paradeuterium at temperatures approaching the triple point. Speed-of-sound predictions are accurate within 1% in the liquid region but rise to 5% at moderate temperatures and pressures approaching 2000 MPa. Since the EOS is an analytical Helmholtz function it gives a finite value at the critical temperature. However, the theory of critical phenomena of real fluids states there is a weak divergence of C v at the critical point.
